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Least-Squares Refinement of Molecular Structures from Gaseous
Electron-Diffraction Sector-Microphotometer Intensity Data. I. Method*
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(Received 1 May 1963)

An adaptation of the method of least squares to the refinement of molecular structures, based on
gaseous electron-diffraction sector-microphotometer intensity data, is presented. The method has
the advantages of permitting simultaneous refinement of many more parameters than can be handled
by trial-and-error methods and of opening the possibility of obtaining realistic standard errors and
error correlations in place of the more subjective ‘error limits’. Although the problem of weighting
of the observations is not solved, it is felt that the method provides a more straightforward way
to take account of factors known to introduce uncertainties than does the alternative approach

based on radial distribution functions.

A brief account of general experience with the method is given.

Introduction

For many years molecular structure refinement based
on gaseous electron-diffraction data has been carried
out largely by trial-and-error methods, for example
by comparing theoretical intensity curves correspond-
ing to various, slightly different combinations of
structural parameters with the experimental inten-
sity, or by fitting Gaussian curves to the peaks of
the radial distribution obtained by Fourier trans-
formation of the experimental intensity. Such methods
are effective, though laborious, when the number of
structural parameters is small and when the peaks
of radial distribution curve are well resolved; how-
ever, in more complicated cases little can be done
other than to make plausible assumptions about the
less important parameters and to refine the more
important ones, reporting the results with error limits
sufficiently large to include the effect of uncertainty
in the assumptions. In recent years this problem has
been made more acute by the rapid development of
the experimental techniques of gaseous .electron
diffraction: a well-executed experiment today yields
a scattered electron distribution extending to approx-
imately twice the scattering angle obtainable ten
years ago and of more accurately known intensity.
Analysis of such data by trial-and-error methods is
even more laborious than before, partly because one
is interested in realizing the more accurate parameter
values inherent in the richer data, but also because
one wishes to press the possibility of determining
values for the less important parameters.

An obvious solution to the problem of refining
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molecular structures determined from gaseous elec-
tron-diffraction data is through the method of least
squares, so successfully used in X-ray crystallography
(Hughes, 1941). One possible approach, to which some
attention has been given (e.g. Bonham & Bartell,
1959) involves fitting theoretical peaks to the observed
radial distribution curve. A second, and to us more
appealing, approach is based on intensity distribu-
tions. Based as it is on the individual observations
of scattered intensity (or on directly related measure-
ments of photographic density as is most common
practice), this approach permits a more natural
assignment of weights and more easily understood
error estimates. It has been discussed briefly by
Cruickshank & Viervoll (1949) and, particularly with
respect to use of visual intensity data, in detail by
Hamilton & Schomaker (1954).

Some years ago one of us (K.H.) proposed a
method for applying least squares to sector-micro-
photometer electron-diffraction intensity data (Basti-
ansen, Hedberg & Hedberg, 1956), and in that
investigation (of 1,3,5,7-cyclo-octatetraene) fifteen
parameters were refined. This gratifying success (the
refinement of four parameters by the correlation
technique is a practical limit) has encouraged us to
develop the method, and after many applications it
has now become a standard part of electron-diffrac-
tion structure investigation in this laboratory. Its
major advantages have proven to be the large number
of parameters which may be handled, the statistically
significant error estimates and error correlations
which come naturally from the calculations, and the
speed of refinement.

It is the purpose of this article to describe the main
features of the method and to summarize some of our
general experience with its application. The article
following describes an adaptation of the method to
an automatic computer. In the third article of the
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series the method is illustrated in application to a
typical problem, the refinement of cyclopropane.

" Matrix formulation of least squares

It is convenient to begin by summarizing the prin-
ciples of least-squares curve-fitting in matrix form
(see e.g. Arley & Buch, 1950). We suppose

f=f(x1y T2,

is a non-linear function of m parameters z; by which
we seek to represent N (N >m) experimental
points. If approximate values 20 are known for the
m parameters, we have, neglecting higher order terms,

f=f(xg’ xg’ ceey x?n)"' (af/axl)OAxl
+(8f] Ox2)odza+ . . . +(f | Oxm)odzm (2)

e Tm) 1)

or, in matrix notation

Equations (3) are the conditional equations. Fy and
F¢s differ by Vu, so that use of the observed values
of the function gives, after dropping subsecripts,

Fob L V=F04+AX 4)
V=F0— Fo 4 AX (5)
= -N+AX. (6)

Introducing the diagonal weight matrix Pyy=P and
applying the least-squares criterion V'PV—minimum
(V' is the transpose of V) we have

(8] 8X) (V'PV)=A'PV=0. )

Combination of (6) and (7) gives the normal equations

BX=Y (8)
where
B=A'PA 9)
and
Y=A'PN. (10)
The solutions are
X=B-1Y (11)

and the standard errors o(z,) are

o(zq) = [(Bg) (V'PV)/(N —m)]t (12)

= [(B)(NPN-X[Y)/(N—-m)]t. (13)

Application to intensity data

The problem of refinement by least squares based on
intensity data is the problem of fitting a theoretical
curve, which is a function of the molecular parameters,
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to an experimental curve derived from the measured
intensity distribution. The particular type of ex-
perimental curve to be fitted depends upon the method
of data reduction practised, and might well be
different from case to case, although usually not.
Our refinement method currently makes use of the
following well-known intensity expression, which
corresponds to a Gaussian probability distribution of
distance displacements during molecular vibration:

EI(s) =k 3 Anr;t exp (—32s%) sinsrn . (14)

The parameters whose best values are sought are £,
part or all of the »’s, and part or all of the I’s; the
amplitudes 4., which may be constant or vary with s,
are assumed known. The parameter k is an amplitude
scale factor (the 7°" and I°*° are usually on different,
arbitrary scales) and is of no structural interest.
As a consequence of molecular symmetry, about
which a good deal is often known, it is usual to regard
only part of the r’s as independent. In principle
connections among the I’s in the exponential vibration
factors exist also, but it is convenient in practice to
regard them as all independent. Refinement of some
7’s or I’s corresponding to very weakly contributing
distances may be unsuccessful or converge to un-
reasonable values: in such event their values may be
assumed and the refinement carried out on the
remaining parameters.

The trial structure and the N matriz

The process of refinement begins with selection of
a suitable trial structure, which is usually obtained
by analysis of the radial distribution curve calculated
by Fourier inversion of the experimental intensity
curve. Since this procedure is adequately described or
referenced in almost any aceount of a gaseous electron-
diffraction investigation, it need not be discussed here.
The N matrix, a column matrix of N elements,
may be obtained from the observed intensity curve
and the theoretical curve calculated for the trial

“structure from (14) by the formula

N = I°b5(s) — EI51o(s) . (15)
Here I°%(s) has been identified with F° and kI{*%(s)
with F°, In our work the interval As=} A is most
often used in forming these differences, although
larger intervals are also common.* A trial value of k&
is readily obtained by rough comparison of the
scales of I°° and I°®° and, of course, is chosen so
as to make N small. In further cycles of refinement N
is calculated each time from the improved structure
derived from the preceding cycle.

* The value } derives from our usual practice of taking
data at that interval from the continuous microphotometer
traces of the photographic plates.
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The matriz of derivatives A

The rectangular matrix A={4n=} has elements
of the type (OkI{(s)/ok), (okI{™e(s)/ol), and
(OkI$*e(s)/or). The first of these is obvious from (14),
and since the I's are regarded as independent, the
second is given by —kl,s2I,(s), where I,(s) is a single
term of (14) associated with l,. The derivatives with
respect to distance parameters are somewhat more
difficult to calculate because cognizance must be
taken of changes in the d dependent distances (dq)
as a function of the ¢ distances chosen as parameters
(7:). In terms of these two types of distances the total
intensity defined by (14) may be written

kI (s) = k[;‘li(ri)+%'1d(dd)] (16)

and the derivatives expressed by

OkIE™®| or; = k[0I3| 0r; + 3 (81§ 0dg) (0daf Ors)] (17)
d

where, of course,

oIS/ ory

= Anryt exp (—3125%) (s cos srn—r7t sinsry) . (18)

Thus, in order to form the column vectors of the
A matrix corresponding to the parameters 7; one
must first calculate the quantities {odq/0r={Jai}=J
and then use (17). The direct calculation of J, which
requires keeping all but one distance parameter
constant, is often laborious. We have found it more
convenient to describe the structure in terms of bond
angles and bond distances, which constitute a more
natural set of parameters, and to calculate J from
variation in these by transformations to the set of
distance parameters. Details of this calculation are
found in the Appendix.

The weight matriz P

In theory the weight matrix should reflect the effect
of correlation, which surely exists, among the data.
Because the problem of correlation is a complicated
one, which needs thorough study, we have so far
chosen to regard the measurements as independent,
and to employ a diagonal weight matrix P={Pny};
a rough estimate of the effect of correlation is made
following the refinement. Weight functions of unity
(except for ranges of zero corresponding to small or
large scattering angles), and ones calculated according
to

P=const x s exp (—bs?) (19)
where b is an arbitrary constant, have been most
common. Equation (19) has no special virtue, other
than that of fitting our general experience concerning
quality of the data.
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Results and recycling

The use of the three matrices described above is
indicated by equations (8) to (13). The quantities X,
of course, are the corrections to the distance, mean
amplitude, and scale factor parameters, and the refined
structure is obtained by adding them to the starting
values. From this result a new F° may be obtained
and a new cycle begun. When recycling, particularly
in later stages when the changes are small, it is often
possible to use the J and B (hence B-!) matrices
from the proceeding refinement cycle. We have found
however, that it is usually best to recalculate A
each time.

The error matriz M

The standard errors are given by (12) or (13),
but the most complete statement of the refinement
results includes as well the correlations among errors.
This is expressed in the off-diagonal elements of B-!
by the equations

0ap0 ()0 (p) = By (V'PV)/(N —m)
=B,'82.

(20)
@n)

Since the parameters actually adjusted are not
necessarily the most natural set, it is of interest to
compute from (12) or (13) and (20) or (21) the errors
and correlations to be associated with such a set.
The desired result is the error matrix M:
M = {/,l,qp}= S2CB_1C,. (22)
Here C is the matrix of coefficients transforming the
parameters adjusted to the set of interest.

Some general experience

We have found the method generally easy to use,
and very much faster than conventional refinement
methods. However, it must be applied with care,
and convergence is not always obtained. Such dif-
ficulties may be anticipated, of course, by the appear-
ance of the radial distribution function from which
the trial structure is taken. Indeed, some useful
information is contained in non-convergence, which
tends to indicate which parameters are marginally
determinable — a circumstance otherwise often
difficult to ascertain. The following paragraphs
summarize some experience, much of which is drawn
from work carried out in this laboratory by Prof.
Otto Bastiansen.

In simple cases, characterized by well resolved
peaks in the radial distribution curve, the method
converges nicely even from a relatively poor trial
structure (distance and mean amplitude parameters
in error by several hundredths of 1 A). The results
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for the more important distances and associated mean
amplitudes are usually within 0-001 A of the values
obtained by a careful analysis of the radial distribution,
curve. The main advantage of the least-squares
method is speed, and the error information obtained.

In complicated cases, where the radial distribution
curve is poorly resolved, good trial structures are
usually needed. Convergence is sometimes obtained
from a poor trial structure, but many cycles of
refinement may be needed. More often, some of the
parameters diverge and one faces the choice of looking
for a better trial structure, of applying some sort of
reduced-shift correction or of simplifying the problem
by fixing some of the less important parameters.
Even so, in such cases the more important parameters
usually refine satisfactorily.

Results for the mean amplitudes of important
distances are often quite different for refinements
based on different ranges of the intensity curve:
in general their values are found to be smaller using
inner data. The reason is unclear, but one is reminded
that systematic uncertainties in factors used in data
reduction (for example, the form factors and exposure
correction) are greatest in the inner region. If a similar
effect for distance parameters is present, it is much
less marked.

The standard errors obtained from a successful
refinement are surprisingly small (i.e. 0:001-0-002 A
for bond distances) for the more important parameters.
Since our weight matrices have not taken account
of correlations among the data, these errors connected
to parameter values are unrealistic. Nevertheless,
their small magnitudes are an indication of high
internal consistency among the data, and one is
tempted to hope that once the major sources of
correlation such as wave length of electrons, apparatus
constants, efc. are understood and properly handled,
such magnitudes will not be unreasonable.

The magnitudes of the errors corresponding to a
distance parameter and to the mean-amplitude
parameter associated with that distance are usually
very similar. This is in contrast to the magnitudes
of the errors corresponding to different distances or
mean amplitudes, which may differ widely.

As would be expected, errors associated with well-
resolved peaks in the radial distribution curve are
relatively little correlated with others, while with
poorly resolved or unresolved peaks they are highly

correlated.

Possible improvements

A most important improvement could be made
through the use of a non-diagonal weight matrix,
in which proper account could be taken of correlations
among the observations; such a weight matrix would
lead to a more realistic assessment of errors. The
nature of the correlations is not yet clear, but the
sources are well known: uncertainties in experimental
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constants (wave length, camera distance, and sector
function), in the photographic process (density-
exposure relationship), and in the process of drawing
in the experimental background.

Our description of the method has been based upon
the simple equation (14), which is unsatisfactory
when the probability distribution of displacements is
not Gaussian. The least-squares refinement of para-
meters strongly affected by internal rotation or by
out-of-plane vibrations, as well as investigation of
second-order effects such as the anharmonicity of
normal vibrations therefore requires a more general
intensity function in place of (14). Further, one might
anticipate the wish to adjust the phase factors
cos A#4. It is possible to incorporate all such modifica-
tions.

APPENDIX

It is desired to calculate the elements of a matrix

J={Jai}={0da/ 0r:} (23)
which expresses the dependence of one type of distance
(‘dependent’) on another type (‘independent’) used
as parameters, starting from a model defined in terms
of bond angles and bond distances. We define the
following matrices:

X = {xa} = {r,re, ..., 7, 01,02, ..., X} (24)
Y = {ym} = {ros1, 1oe2, ..., 75, da, de, ..., da} (25)
§ = {&u} = {rire ... 7o, Tos1, Toaz, o oo, 1} (26)
N = {nu} = {di,ds, ...,da, 01,002, ..., a}. (27)

X may be identified with the original set of a bond-
angle and b bond-distance parameters, Y with the
set of distances dependent on X, § with a set of
¢ distance parameters specifying the model, and n
with a set of d distance and a angle parameters
dependent on §. Clearly i=a+b and h=a+d. Adopt-
ing the notation

ouy Oua ouy
?ﬁf ={DHnip=| : (28)
" Oup Oun O

it is seen that the desired J matrix comprises the first
d rows of D}, which is readily calculated from D}
and Dj:

D}=D}Df (29)

=D1(D3)-1. (30)

The matrices D7 and D are easily written down;
they have the form
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................. r=17ry,7r, .. (31)

o Te

r=7T1,,72 «.cu, Iy

LR ) .
iDL 7= Toar, Tos2, o0 Ty

(32)

where E and O are the indentity and null matrices.
We wish to thank Prof. Otto Bastiansen and Mr

Fred N. Fritsch for helpful discussion, and for sig-
nificant contribution to the J matrix calculation.
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Least-Squares Refinement of Molecular Structures from
Gaseous Electron-Diffraction Sector-Microphotometer Intensity Data.
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A description is given of a computer program representing an adaptation of a least-squares method
of molecular structure refinement based on gaseous electron-diffraction sector-microphotometer

data.

Introduction

The principles of a least-squares refinement method,
based on gaseous electron-diffraction sector-micro-
photometer data, were described in the preceding
article (Hedberg & Iwasaki, 1964; hereafter called
H & I). In a typical application of the method some
200 observations and 10-15 parameters may be han-
dled, and the calculations involved are extensive
enough to merit use of an automatic computer. Be-
cause the power of the method should attract increas-
ing attention from workers in gaseous electron dif-
fraction, and because the computational problems
posed are quite different from those encountered in
X-ray diffraction, a description of a computer pro-
gram seems appropriate.

In the account given here we seek to present only
the main features of the program and in a way to
make clear the sequence of operations. The actual
program, which will be of little interest to others
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contract AF 49 (638)-783.

T Present address: Government Industrial Research In-
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since it was written for a non-standard ALWAC III-E,
differs in unimportant details from the flow diagrams.
The complexity of the program is in part dictated by
the nature of the computational problem and in part
by the properties of the rather slow computer super-
posed on our objectives of making the refinement as
automatic as possible and as versatile as the basic
intensity equation H & I (14) permits. Thus, it has
been necessary to build in special features such as
optional approximations which allow savings of time,
or checking calculations with optional recycling to
protect a large investment of time. Use of one of the
widely available high-speed computers, where a refine-
ment cycle for the typical problem mentioned above
would require seconds or minutes instead of 1-1} hours
as it does with ALWAC III-E, would make these
features unnecessary and lead to simplifications.

List of symbols

For further explanation of many of the following
quantities see H & 1.

A Matrix of derivatives.
A=Ayn={0kI{*s)/ 3xi}Nm
B B=A'PA.



